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1 Introduction 



A fundamental problem raised in Kac's famous article [Kac] 'Can one hear the shape 
of a drum' is whether two isospectral manifolds are isomorphic. The answer is negative 
in general. Milnor gave a counter example for compact Riemannian manifolds [Mil]. In 
the Euclidean case the first example was given in dimension 4 by Urakawa [Ura]. Then 
Gordon-Webb-Wolpert [GWW] constructed two polygons in R 2 which are isospectral but 
not isomorphic. Moreover, [GoW] constructed two isospectral convex open sets in R 4 which 
are isospectral but not isomorphic. Kac's question in the strict sense, namely whether two 
isospectral bounded open sets in R 2 with C°°-boundary are isometric, is still to be open. 
But there are recent positive results by Zelditch [Zel] for open sets in R 2 with analytic 
boundary verifying some symmetry conditions. 

To say that the two manifolds are isospectral means by definition that the corresponding 
Dirichlet Laplacians have the same eigenvalues counted with multiplicity. This, in turn, 
can be reformulated by saying that there exists a unitary operator U intertwining the 
two heat semigroups. The heat semigroups are positive, i.e. positive initial values lead 
to positive solutions. These positive solutions describe the heat diffusion on the manifold. 
Thus, if instead of a unitary operator, we consider an order isomorphism U (i.e. U is linear, 
bijective and U(p > if and only if if > 0) on then to say say that U intertwines the 
heat semigroups means that U maps the positive solutions to positive solutions. It was 
shown in [Are2] that in the Euclidean case, i.e. if we consider open connected sets in R d , 
then these sets are necessarily congruent as soon as such an intertwining order isomorphism 
exists. This may be rephrased by saying that diffusion determines the body. The aim of 
this paper is to extend this result to manifolds. 

There are several notable new features coming into play in the non-Euclidean case. 
First of all, in [Are2] a precise regularity condition has been established under which the 
result is valid. The open sets have to be regular in capacity (this means loosely speaking 
that they do not have holes of capacity 0). Some effort is made in this paper to extend 
this notion to manifolds, which is not possible in an immediate way. 

The problem addressed in this paper is partially motivated by work of Arveson [Arvl] 
[Arv2], who introduces differential structures in operator algebras. Our results imply 
uniqueness of these differential structures, the case of compact Riemannian manifolds being 
of particular interest. 

Not all results in the Euclidean case carry over to Riemannian manifolds. We give 
an example, Example 4.7, of a non-zero lattice homomorphism which intertwine the heat 
semigroups, but which is not an isomorphism, in contrast to the Euclidean case [Arel], 
Theorem 2.1. 

Let (M, g) be a Riemannian manifold of dimension d. We always assume that a Rie- 
mannian manifold is cr-compact. Then M has a natural Radon measure denoted by | • |. 
Set 

HUM) = {</? G L 2)loc (M) : (p o x^ 1 G H^(V)) for every chart (V, x)} . 

If (f G Hl oc (M) and (V, x) is a chart on M then set -^ip = (A(<£ o x' 1 )) o x G L 2 ,i oc (V), 
where Di denotes the partial derivative in R d . Moreover, for all ip, ift G Hl oc {M) there 
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exists a unique element Vy? ■ Vi/j G L^\ oc {M) such that 

^■H f =t» ,f (^)(^) 

for every chart (V,x) on M. We let |V^| = (Vip • Vy?) 1/2 . Let H\M) be the Hilbert 
space of all <p G H^ oc (M) such that both (p,\V(p\ G L 2 (M), with norm 93 1— > (||</?||| + 
|| \V(p\ \\l) 1/2 . Moreover, let H^(M) be the closure of C~(M) in F^M). Define the bilinear 
form a: Fq(M) x F"o(M) ^ R by a(>, <p) = / • V<p. Then a is closed and positive. The 
Dirichlet Laplace— Beltrami operator A on M is the associated self-adjoint operator. 
If (V, x) is a chart on M then 

1,3=1 

for all <p G C™{V). 

If (Mi, ^1) and (M2, 52) are two Riemannian manifolds then a map r: Mi — > M2 is called 
an isometry if it is a C°°-diffeomorphism and 

g2\r{p){n{v),n{w)) = g 1 \ p (y,w) 

for all p G Mi and v,w G T P M. A map r: Mi — > M 2 is called a local isometry if for all 
p G Mi there exists an open neighbourhood V of p such that the restriction r\v' V — > r(V) 
is an isometry. The Riemannian manifolds (Mi, (71) and (M 2 , g 2 ) are called isomorphic if 
there exists an isometry from Mi onto M 2 . If r: M 1 — > M 2 is an isometry and p G [1, 00) 
then pre L p (Mi) and 

lk°T|| Lp(Ml ) = IMU p (m 2 ) (1) 

for all ip G L P (M 2 ). In particular, the map </? 1— > ip o r is a unitary map from L 2 (M 2 ) onto 
L 2 (Mi) and a unitary map from #o(M 2 ) onto f/^(Mi). Moreover, if ip G L 2 (M 2 ) then 
G D(A 2 ) if and only if y> o r G D(Ai) and Ai(</? o r) = (A2V5) t, where Aj is the 
Dirichlet Laplace-Beltrami operator on Mj for all j G {1,2}. 

A linear operator U: E — > F between two Riesz spaces is said to be a lattice homo- 
morphism if 

£% A V) = (Efy>) A (Z/-0) 

for all ip,ip & E. For alternative equivalent definitions see [A1B] Theorem 7.2. Here in 
this paper in most cases the spaces E and F will be L p -spaces and then (ip A ip){x) = 
mm{ip(x), ip{x)} a.e. Each lattice homomorphism U is positive, i.e. ip > implies [/</? > 0. 
An order isomorphism U: E — > F is a bijective mapping such that [/</?> if and only 
if > 0. Equivalently, [7 is an order isomorphism if and only if U is a bijective lattice 
homomorphism. Then also U^ 1 is an order isomorphism. Recall that also each positive 
operator between L p -spaces is continuous by [A1B] Theorem 12.3. 

The main theorem of this paper is the following. It is valid under some regularity 
assumptions on the manifolds, namely regularity in capacity, which is optimal for this 
purpose and which we will explain below. 

Theorem 1.1 Let(M 1 ,g 1 ) and(M 2 ,g2) be two connected Riemannian manifolds which are 
both regular in capacity. Let p G [1, 00). For all j G {1, 2} let Aj be the Dirichlet Laplace- 
Beltrami operator on Mj and let be the associated semigroup on L P {M 3 ). Then the 
following two conditions are equivalent. 
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I. (Mi,<7i) and (M 2 , g 2 ) are isomorphic. 

II. There exists a lattice homomorphism U:L p (Mi) — > L P (M 2 ) such that UL p (Mi) is 
dense in L P (M 2 ) and 

usi 1] = s[ 2) u 

for all t > 0. 

Moreover, if U is a lattice homomorphism as in Condition II then U is an order isomor- 
phism and there exist c > and an isometry r: M 2 — > M\ such that Up = cp o r for all 

P e Lp(Mi). 

It turns out that all complete connected Riemannian manifolds, and in particular all 
compact connected Riemannian manifolds, are regular in capacity. Therefore one immedi- 
ately has the following corollary. 

Corollary 1.2 Let (M 1 ,g 1 ) and (M 2 ,g 2 ) be two complete connected Riemannian mani- 
folds. Let p G [l,oo). For all j G {1,2} let Aj be the Dirichlet Laplace-Beltrami operator 
on Mj and let be the associated semigroup on L p (Mj). Then the following two condi- 
tions are equivalent. 

I. (M 1 ,g 1 ) and (M 2 ,g 2 ) are isomorphic. 

II. There exists an order isomorphism U: L p (Mi) — > L P (M 2 ) such that 

us^ = sf ] u 

for all t > 0. 

Now we explain the notion of regularity in capacity for Riemannian manifolds. The 
capacity of a subset A of M is given by 

cap M (A) = cap(A) = inf {IMIh^m) : ¥ £ i/ 1 (M) and ip > 1 on a neighbourhood of A} . 

An open subset f2 of R d is called regular in capacity [Are2] if c&p Rd (B(x ; r) \ Q) > 
for all x G dVt and r > 0, where B(x ; r) is the Euclidean ball. Biegert and Warma gave 
several characterizations for regular in capacity. In particular, an open subset Q of R d 
is regular in capacity if and only if every tp G Hq(JV) H C(Q) is zero everywhere on dQ 
([BiW] Theorem 3.2). Since R d is locally compact it then follows that an open subset f2 
of H d is regular in capacity if and only if every <p G Hq(Q) fl C (Q) is zero everywhere on 
dQ. This characterization allows an extension to general connected Riemannian manifolds. 
There is a natural distance du on a connected Riemannian manifold M. We denote by 
Bm(p ',r) = B(p;r) the associated balls. Let M denote the (metric) completion of M with 
respect to this distance. Set 

dM — M\M . 

We say that a connected Riemannian manifold M is regular in capacity if (p(p) =0 for 
all v? G C (M) n Hl(M)j= {ip G C (M) : <p\ M G Hq(M)} and p G dM. Here C (M) is the 
closure of the space C C (M) of all continuous functions with compact support, with respect 
to the supremum norm in the space of all bounded continuous functions on M. Clearly 
every complete connected Riemannian manifold is regular in capacity. 
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In the Euclidean case regularity in capacity is a very mild condition on the boundary 
of an open subset. If Q C H d is open and bounded then it is regular in capacity if it is 
Dirichlet regular. The Lebesgue cusp is regular in capacity, but not Dirichlet regular (see 
[ArD] Section 7). 

If Mi and M 2 are two isomorphic connected Riemannian manifolds and r: M\ — > M 2 
is an isometry then r is distance preserving, i.e. dM 2 { T {p) '■> t {q)) — <^Mi(p;?) for all 
p, q G Mi. Moreover, if M 1 is regular in capacity, then also M 2 is regular in capacity. 

Now we can explain why regularity in capacity is the minimal regularity condition in our 
context. Let M be a connected Riemannian manifold which is complete (or more general, 
regular in capacity). Let 0^iVcMbea closed subset of capacity zero. Then Q := M\N 
is again a connected Riemannian manifold (see Theorem 2.1) The injection t:Q^M 
defines an isometry which is not surjective. The unitary operator U: L 2 (M) — > L 2 (Q) 
given by Uip = ip o r is an order isomorphism intertwining the two heat semigroups even 
though Vt and M are not isomorphic. It follows from Theorem 1.1 that VL is not regular in 
capacity. 

The paper is organized as follows. In the next section we give a sufficient condition 
to ensure that the distance on a subriemannian manifold equals the induced distance. In 
Section 3 we show that Mi and M 2 are isometric if they have sufficiently big isometric 
open subsets. In Section 4 we prove Theorem 1.1. Finally, in Section 5 we give several 
characterizations of regularity in capacity. 
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2 Distances 

If A is a connected open subset of a connected Riemannian manifold M then cIm(p] q) < 
cIn(p] q) for all p, q G A, where du and are the natural distances on M and A. Even 
if \M \ A| = 0, then it is easy to construct examples such that the induced distance from 
du on A differs from the distance d^. We next show that the condition cap M (M\ A) = 
suffices to have equality. 

Theorem 2.1 Let A be an open subset of a connected Riemannian manifold M and sup- 
pose that cap M (M\ A) = 0. Then A is connected and c?m(p ; q) = d^{p ; q) for allp,q G A. 

The proof involves an alternative description of the distances. First we need Loo-versions 
of H 1 and V<p. Let M be a Riemannian manifold. Set 



W^{M) ={(/)£ L 00 , loc (M) :p^e W^{x{V)) for every chart (V,x) on M} 
For all if G W^™(M) there is a unique |V</?| G L 00jloc (M) such that 
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for every chart (V,x) on M, where T^-y? G L 00 i 0C (M) is defined in the natural way. Then 
define W 1 '°°(M) = {y? G L QO (M) : |V^| G ^(M)}. 

Proposition 2.2 Let M be a connected Riemannian manifold. Ifp,q&M then 

d M (p;q) = sup{4>(p)-4>(q):4>eW^(M), | V^| G L^M) and || |V^| IU < 1} • 

Proof '<'. If g G M define ^: M -> R by ^(p) = d M (p;q). Then V G W^M), 
|| | IU < 1 and d M (p ; g) < V'(p) - "00?)- 

'>'. Let p,q e M. Let V e W££°(M) with || |V^| IU < 1. Let 7: [0,1] -> M be a 
C°°-map with 7(0) = p and 7(1) = q. By regularizing we may assume that if) is smooth in 
a neighbourhood of 7QO, 1]). Then 



We shall prove that W^(M) = W^(N) if cap M (M \ N) = 0. For all s G [0, 00) we 
denote by H S (A) the s-dimensional Hausdorff measure of a subset A of M (see [Hei] 8.3). 

Proposition 2.3 Lei A be a subset of a connected Riemannian manifold M of dimen- 
sion d. If cap(A) = then Ti, s (A) = for all s G [0, 00) with s > d — 2. 

Proof For all n G N there exists a <p n G H l (M) such that ip n > 1 on a neighbourhood 
of A and H^nHi^M) < 2~™. Set = Y^=i G H l (M). Then for all m G N it follows 
that ip > m on a neighbourhood of A. Hence for all a G A there exists an e > such that 
(v 9 )a,r > m for all r G (0, e], where {if)) Pt r = |-B(p ; Ib(j>-t) ^ * s ^ e avera S e °f "0 over the 
ball 5(p ; r) for all ip G Li iioc (M), p G M and r > 0. 

Let a G A and suppose that limsup r _^ r~ s J B ^ a . r ^ |Vy?| 2 < 00. Then there exist r\ G 
(0, 1] and M G R such that / B(o;r) |V^| 2 <Mr s for all r G (0,n]. 

It follows from [Aub] Theorem 5.14, that there exists an r 2 G (0,ri] such that exp a is a 
diffeomorphism from {v G T a M : g a (v, v) < r 2 } onto B(a ; r 2 ) and d(a ; exp a v) = g a (v ; v) 1 ^ 2 
for all v G T a M with g a (v,v) < r\. Since T a M is equivalent to H d , it admits a Poincare 
inequality. Hence there exists a c 1 > such that 



uniformly for all -0 G H l (B(a ; r)) and r G (0, r 2 ]. Similarly, there exists a c 2 > such that 
|-B(a;r)| > c 2 r d for all r G (0, 1]. Clearly the constants c 1 and c 2 depend on the point a. 





Minimizing over 7 gives \ip(p) — if)(q)\ < duip] ?)■ 



□ 




Then 
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for all r G (0,^]. Therefore 

\(¥)a,r - (<P)a,2r\ = j „/ 7] / V ~ {<p)a 

\B(a;r)\ J B(a . r) 



< 



B(a ; r 



/ |^-(^)a,2r| 2 ) 
JB(a;r) 



/If \ X /2 

\\B(a;r)\ J B(a . 2r) ) 

< (2 s+2 c lC ^Mr s+2 ' d y /2 

for all r G (0,2 _1 r2]. Since s + 2 — d > one deduces that ((</?) a ,2- n )n is a Cauchy sequence. 
But for all m G N there exists an e > such that (tp) a ,r > 771 f° r an r £ (0) £ \- This is a 
contradiction. Hence lim sup,,^ r~ s J B ^ a |V(/?| 2 = oo. 

Let 5, £ > 0. There exists a 7 > such that f E |V(^| 2 < e for every measurable subset 
E of M with < 7. Since |A| = and the measure on M is a Radon measure, there 
exists an open neighbourhood V of A with |V| < 7. Set 

JF = {B(a;r) : a G A, r G (0,5), B{a;r) C V and / |V</?| 2 > r s } . 

JB(a;r) 

Then by a basic covering theorem, [Hei] Theorem 1.2, it follows that there are a±, a 2 , ■ ■ ■ G A 
and ri, r2, . . . G (0, 5) such that -B(a n ; r n ) G for all n G N, the balls S(a n ; r n ) are disjoint 
and U Be:F ^ c U^=i B(a n ; 5r n ). Since A C IJbg^- ^ ^ follows that 

00 00 „ „ 

n s w5 (A) < J2(5r n y <$ s J2 1 v ^i 2 < 55 / i v ^r < 5 s e . 

n=l n=l JB{a n ;r n ) JV 



Hence Wi 05 (A) = and H S {A) = 0, as required. □ 
Proposition 2.4 Lei N be an open subset of a connected Riemannian manifold M of 



dimension d and suppose that H d - X {M \ N) = 0. Then W£°(N) = W{£°{M) and N is 



connected. 

Proof Let ip G W^£°(N). Using a partition of the unity, normal coordinates and [Hel] 
Proposition 1.9.10 we may assume that there are p G M and r > such that first tp is 
compactly supported in the ball Bm{p',t), secondly the restriction $ of exp p to the set 
X 2r — {y G T p M : g p (v,v) < (2r) 2 } is a diffeomorphism of X 2r onto Bm(p',2t), thirdly 
\v\ = duip exp p v) for all v G X 2r and finally 2^\v — w\ < du^ex-Pp v > ex P P w ) < 2|t> — w\ 
for all v,w G X 2r , where \v\ = g p {v,v) 1 ^ 2 . Then 

U d -\X r \ <S>-\N n B M (p ;r)))= W d " 1 ($- 1 ((M \ JV) H £? M (p ; r))) = 

where A r = $ _1 (5 M (p ; r)). Moreover, (p o $ G W 1 ' 9 ($~ 1 (iV n S M (p ; r))) for all q G 
(l,oo) and $ _1 (iV n Bm{p',t)) is open. Hence it follows from [AdH] Lemma 9.1.10 that 
V?o$ G Vy 1 ' 9 ^) for all q G (l,oo). Then <p o $ G W 1 ' 00 ^,.) and 95 G W 1 ' 00 ^^ ; r)). 
So G VF 1,0O (M). 

Finally, let <p: N -> {0, 1} be a continuous function. Then y? G W 1>0O (./V) C W£.°°(M). 
So </? extends to a continuous function on M. But M is connected. Therefore is constant 
and N is connected. □ 

Proof of Theorem 2.1 This easily follows from the last three propositions. □ 
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3 Quasi isometries are isometries 

In this section we prove that two connected Riemannian manifolds, which are regular 
in capacity, are isomorphic if they have isomorphic open subsets whose complements are 
polar. Moreover, we give many useful tools to understand and to work with the i/g-spaces 
defined on Riemannian manifolds. 

Let (Mi, <7i) and (M 2 , <? 2 ) be Riemannian manifolds. We say that 

M 1 °~M 2 

if there exist open sets M[ C M 1 and M 2 C M 2 and an isometry r from M 2 onto M[ such 
that cap Ml (M! \M{)=0 = cap Ma (M 2 \ M' 2 ). 

The following theorem is the main theorem in this section. It shows that the relation 
c ~ defined on connected Riemannian manifolds determines the manifold. 

Theorem 3.1 Let (Mi,gi) and (M 2 ,g 2 ) be two connected Riemannian manifolds which 
are regular in capacity. Then 

Mi°~M 2 •<=>- (Mi,<7i) and (M 2 ,<7 2 ) are isomorphic. 

Explicitly, if M[ and M 2 are open subsets of M x and M 2 such that capj^ (Mi \M[) = = 
cap Ma (M 2 \M2) and r: M 2 — > M[ is an isometry, then there exists an isometry f : M 2 — > M x 
such that f\ M ' 2 = t. 

We define the space H\(M) to be the set of all (p G H l (M) such that there exists a 
compact subset K of M with <p = a.e. on M \ iT. 

Lemma 3.2 Let N be an open subset of a Riemannian manifold (M, g) such that \M\N\ = 

0. Then the following are equivalent. 

1. cap M (M\A0 = 0. 

II. The restriction map if) 1— > i(j\n from H l (M) into H 1 ^) maps Hq(M) onto Hq(N). 

III. H l (M) = {if)\ N :^eH^M)} = H^N). 

Proof Clearly III is a reformulation of II. '111=^1'. Let K C M be a compact set. There 
exists a ^ e C~(M) such that V'k > 1- Then ^ G ff '(iV) by assumption. Let £ > 0. 
There exists a y> G C c °°(iV) such that - vll^i^) < £ - Then V ~ <P e C ?( M ) and 

^-^>lonK\]V. So 

cap(K \N) < - y|||i (M) = || VI jv- - vlllri(iv) < £ , 

where we used that |M \ iV| = in the equality. Since M is a-compact one deduces that 
cap(M \ N) = 0. 

T=^Iir. Clearly {^|jv : V G #o( M )} ^ H o( N )- Conversely, let if) G C c °°(M). Let £ > 0. 
There exists an open neighbourhood of M \ TV and a x G i/ 1 (M) such that < x < 1, 
Xlc/ = 1 and ||x||Hi(Af) < e. Then (^(1 - x))\n e H*{N) C Hq(N) and 

IIVIjv — (V(i-x))Ijv||hi(j\o = HVxIli/ 1 ^) - 3 II^IIvfi.-(m) IIxIIhh^) - sH^lk^M^ • 
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So G Hq(N). Since C£°(M) is dense in Hq(M) and i— > <£>|jv is isometric from i/ 1 (M) 
into H 1 (N) the lemma follows. □ 

If TV is an open subset of a Riemannian manifold M and A G N, then cap Ar (A) < 
cap M (A). The next lemma is instrumental to deduce equality of the two capacities if 
cap M (M \ N) — 0. It is a kind of L 2 -version of Propositions 2.3 and 2.4. 

Lemma 3.3 Let N be an open subset of a manifold M. Suppose that cap M (M \N) =0. 
ThenH\N) = H 1 (M). 

Proof Let <p G H\N) n L^N). We shall prove that y? G H\M). Let ra G N. Since 
cap M (M \ iV) = there exists a ip n G i/ 1 (M) such that ^ > 1 in a neighbourhood of 
M\N and HVVilli^rM) — ?7_1 - We ma y assume that < ^„ < 1. Then p — (pip n G H 1 (N). 
But ip — <pip n = ip(t — ip n ) vanishes in a neighbourhood of M \ N. Therefore we can extend 
this function by zero to a function ip n G if 1 (M). Then 

IWn||ffi(JV) < 2 ||^||Lll^n|||i(M) + 2 \\p \\ ffl {N) \\ \\ lo < ^WfWlo + 2|M||l(jV) 

for all n G N. So the sequence ip±, <p 2: ■ ■ . is uniformly bounded in H l (M). Hence it has 
a weakly convergent subsequence. Passing to a subsequence if necessary, there exists a 
<p G H l (M) such that \im.(p n = (p weakly in H l (M). Then \im.p n = (p weakly in L 2 (M). 
But 

II <P - ¥n || L 2 (M) = |b^n||i 2 (M) < || V\\ oo \\^n || L 2 (M) < Halloo r?, _1/2 

for all n G N. So limy9 n = tp strongly and therefore also weakly in L 2 (M). Hence (p = tp 
a.e. and ip G H l {M). 

Thus H\N) n Loo (AO C i? 1 (M). Since i/ 1 (A r ) n Loo (AO is dense in i/ 1 (A r ) the lemma 
follows. □ 

Corollary 3.4 If M is a Riemannian manifold and N d M is open with cap M (M\A r ) = 
then c&p N (A) = c&p M (A) for all A d N . 

Corollary 3.5 Let Mi and M 2 be two Riemannian manifolds. If Mi°~M 2 and M[, M 2 
and t are as in the definition o/ c ~ then cap Ml (r(A)) = cap M2 (A) for every set A C M 2 . 

Proof One deduces from the previous corollary that cap Ml (r(A)) = cap M /(r(A)) = 
cap M ,(A) = cap M2 (A) = 0. □ 

We emphasize that the next proposition does not require the manifolds to be regular 
in capacity. 

Proposition 3.6 The relation °~ is an equivalence relation. 



Proof The reflexivity and symmetry are trivial. 

Let Mi, M 2 and M 3 be three Riemannian manifolds and assume that Mi~M 2 and 
M 2 ~ P M 3 . Then there exist open M[ C M u M' 2 ,M' 2 ' C M 2 and Mg C M 3 and isometries 
r: M 2 -> M x and a: M 3 ' -> M 2 such that cap Mi (Mi \ M[) = cap Ma (M 2 \ MJ) = cap Ma (M 2 \ 
M 2 ) = cap M3 (M 3 \ M 3 ') = 0. Now let M 2 " = M 2 fl M 2 . Then Mf is open in M 2 and 

cap M2 (M 2 \ M 2 ") < cap M2 (M 2 \ M 2 ) + cap M2 (M 2 \ M 2 ) = . 
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Next set Mf = r(Mf ) C M[ and Mf = o-^Mf) C M£. Then M(" is open in Mi 
and Mg" is open in M 3 . Moreover, t\m"' ° c|m"' is an isometry from Mg" onto M"'. 
Since M{ \ Mf = r{M' 2 \ M' 2 ") it follows from Corollary 3.5 that cap Ml (M( \ M'{') = 
cap M2 (M^\M^) = 0. Therefore cap Mi (Mi \ M"') < cap Ml (Mi\M{)+cap Ml (M(\M(") = 0. 
So cap Mi (Mi \ Mf) = 0. It similarly follows that cap Ma (M 3 \ Mf) = 0. Therefore 

Mi~ p M 3 . □ 

Also the next proposition does not assume regular in capacity. But it overshoots the 
conclusions in Theorem 3.1 since the range of f can be bigger than Ml. 

Proposition 3.7 Let M x and M 2 be two connected Riemannian manifolds. If M 1 C ~M 2 
and if M[, M 2 and r are as in the definition o/ C ~ 7 then there exists a distance preserving 
isomorphism f : M 2 — > Mi suc/i £/ia£ f| M / — r. 

Proof The function t\m' 2 '- M 2 — > M[ is distance preserving with respect to the distances 
&m' 2 and g?m{- Then by Theorem 2.1 the map t\m' 2 is also an distance preserving with 
respect to the induced distances from M 2 and Mi on M 2 and M[. Since M 2 is dense in 
M^nd therefore also in Mi it follows that there exists a unique distance preserving map 
f : M 2 — > Mi such that t\m 2 = t. Similarly there exists a unique distance preserving map 

a: Mi — > M 2 such that ct|m{ — T ~ 1 - Then f o cr| M / is the identity function on M[. So by 
density and continuity f o a — Ij^ Similarly a o f — 1^ and the proposition follows. □ 

Now we are able to prove the main theorem of this section. 

Proof of Theorem 3.1 The implication <= is trivial. Suppose that Mi C ~M 2 and let 
M[, M 2 and r be as in the definition of °~. Let f be as in Proposition 3.7. If ip G 
i/ 1 (Mi)nC (Mi) then pof G C (M 2 ). Moreover, p\ M ^ G #0(^1); so (^°^)|m^ G #0(^2) 
and therefore (^of)| M2 G H^(M 2 ) by Lemma 3.2. So we can define V: i^(Mi)nC (Mi) -> 
Hl(M 2 ) n C (M 2 ) by V<p = y? o f . 

Next, let p G Mi. There exists a y? G C c °°(Mi) such that y>(p) = 1. Then Vp G 
Hl(M 2 ) n Co(M 2 ). Moreover, (y</?)(f _1 (p)) = <p(p) = 1. Hence f -1 (p) G M 2 since M 2 is 
regular in capacity. Similarly f(q) G M x for all g G M 2 since Mi is regular in capacity. Let 
t = t\m 2 - Then f is a topological homeomorphism from M 2 onto Mi. It remains to show 
that f and its inverse are smooth and an isometry. 

By (1) we can define U:L 2 {M 1 ) -> L 2 (M 2 ) by E/V> = p o f. If y> G #o( M i) then 
p o t E Hq(M 2 ) = Hq(M 2 ) by isometry, (1) and Lemma 3.2. Therefore £/ is a bijection 
from if^Mi) onto Hq(M 2 ). Let /ii and h 2 be the forms associated to the Dirichlet Laplace- 
Beltrami operators on Mi and M 2 , with form domains Hq(Mi) and Hq(M 2 ). Then 

h(p) = [ \Vp\ 2 = [ |Vyf 

J Mi JM[ 

= [ Mpo T )\ 2 =[ \V(por)f=[ \V(pof)\ 2 = h 2 (Up) 
Jm 2 Jm 2 Jm 2 

for all p G (Mi). Since C c °°(Mi) is a core for /i x it follows that h^p) = h 2 (Up) for 
all p G Hl(Mi). Hence if ^ G L 2 (Mi), then <p G D(Ai) if and only if £/y? G D(A 2 ), 
and A 2 Up = UA x p if both conditions are valid. Now let p G C~(Mi). Then [/</? G 
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n^° =1J D(A") C C°°(M 2 ) by elliptic regularity. (See [GiT] Theorem 9.11 if p ^ 1. If p = 1 
first apply a Sobolev embedding to embed L 1 into a Sobolev space W s ' p with s < and 
p > 1, and then apply [GiT] Theorem 9.11.) So there exists a^G C°°(M2) such that 
Uip — ip a.e. But = o f is continuous. Therefore ip o t — ip pointwise. Thus ip o f is 
smooth for all </? G C£°(Mi). Therefore f is a C°°-map from M2 onto Mi. Similarly also 
f _1 is a C°°-map, so f is a C°°-diffeomorphism. Finally, since r is an isometry and M 2 is 
dense in M 2 it follows by continuity that also f is an isometry. This proves Theorem 3.1.D 

4 Lattice homomorphisms 

In this section we consider lattice homomorphisms between L p -spaces on two Riemannian 
manifolds without the assumption that the manifolds are regular in capacity. The aim is to 
prove that the associated Hq -spaces are equivalent, under the conditions of Theorem 1.1. 

The first step is to use elliptic regularity of the Laplace-Beltrami operator to reduce to 
smooth functions. 

Lemma 4.1 Let (M\,gi) and (M 2 ,g 2 ) be two Riemannian manifolds. Let p G [l,oo). For 
all j G {1,2} let Aj be the Dirichlet Laplace-Beltrami operator on Mj and let be the 
associated semigroup on L p (Mj). Let U: L p (M 1 ) — > L P (M 2 ) be a lattice homomorphism 
such that 

USi 1] = sf ] U (2) 

for allt > 0. Then 

(i) UCf{M 1 ) C C°°(M 2 ). 

(ii) Uip > for all ip G C~(M 1 ) with up > 0. 

(iii) (Uip)(Uip) = for all ip, ip G C c °°(Mi) with ipip = 0. 

(iv) A 2 U<p = UA 1 <pforall<peC? > (M 1 ). 

Proof It follows from (2) that UD(A 1 ) C D(A 2 ) and A 2 IV = UA lV for all ^ G D(Ai). 
Hence by iteration U f|~ 1 D(A^) C fC=i ^( A 2 )- But C£°(Mj) C fX°=i £>(A?) C C°°(M,) 
for all j G {1,2} by elliptic regularity. This shows (i) and (iv). Property (ii) follows since 
U is a lattice homomorphism. Moreover, \Uip\ = U\ip\ for all ip G L p (Mi). Hence if ip, ip G 
C c (Mi) and y?^ = then M A |^| = and \U(p\ A |^| = E%| A U\ip\ = U(\<p\ A \ip\) = 0. 
Therefore \(Utp)(Uip)\ = \Uip\ \Uip\ = and (Uip)(Uip) = 0. This implies Property (iii). □ 

We frequently need the following sufficient condition for point evaluations. 

Lemma 4.2 Let M be a manifold and F: C^°(M) — > R a positive linear functional such 
that 

F(ip) F(ip) = for all ip, iP G C C °°(M) uffltfi ip ip = . (3) 
T/ien t/iere ezisi c G [0, 00) and p G M s«c/i £/ia£ i r, (y) = c<p(p) for all ip G C£°(M). 

Proof Arguing as in [EvG] Corollary 1.8.1 it follows that there exists a unique Radon 
measure /ionM such that F(tp) = j ipd/j, for all tp G C£°(M). Then it follows from (3) 
that /i is a point measure. Hence there exist p G M and c G [0, 00) such that F(ip) = c<p(p) 
for all ip G C C °°(M). □ 

The next proposition is a manifold version of [A1B] Theorem 7.22. 
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Proposition 4.3 Let (Mi,gi) and (M 2 ,g2) be two Riemannian manifolds. Suppose there 
exists a linear map U: C™{M 1 ) — > C°°(M 2 ) such that 

(i) Up>0 for all tp G (Mi) with p>0, and, 

(ii) (Uip)(Uip) = for all <p, ip G C^(M 1 ) with (pip = 0. 

Then there exist an open set M 2 C M 2; a function r: M 2 — > Mi and a function h: M 2 — > 
[0,oo) sncn £nai M 2 = {0 G M 2 : /i(g) > 0} and Up = h ■ (<p o t) pointwise for all 
p> G C£°(Mi). Moreover, the restrictions r\ M ^ and h\ M ^ are both C°°. 

Proof Set M' 2 = {g G M 2 : {Up>){q) ^ for some y? G C c °°(Mi)}. Then M^ is open. Let 
q G M 2 . Then the map ip 1— > (U<p)(q) from C£°(Mi) into R is linear, positive and satisfies 
(3). Hence it follows from Lemma 4.2 that there exist r(g) G Mi and /i(g) G [0, 00) such 
that 

{U<p)(q) = h(q) <p(T(q)) 

for all (p G C^°(Mi). So one obtains functions r: M 2 — > M x and /i: M 2 — > [0, 00). Moreover, 
M' 2 = {q E M 2 : h(q) > 0}. It remains to show the smoothness of the restrictions of r and 
h to the set M' 2 . 

First we show that the function t\m' 2 is continuous. Otherwise there are q,q±,q 2 , . . . G 
M 2 and e > such that limg„ = g and d(r(g„), r(g)) > e for all n G N, where d is a 
distance on Mi. There exists a <p G C£°(Mi) such that p>(r(q)) = 1 and c/?(p) = for all 
p E Mi with d(p, r(g)) > e. Then U<p is continuous, so /i(g) = (Uip)(q) = \im(Uip)(q n ) = 0, 
which is a contradiction. 

Secondly, let f2 be a relatively compact open subset of M 2 with Q c M 2 . Then r(Q) 
is compact, so there is a ^ G C£°(Mi) such that ip\ T (n) = 1- Then = (?7 "0) |n is 
a C°°-function. Hence is a C°°-function from M 2 into (0, 00). Then (cp o t)\q = 
(h- 1 ■ Up)\ n G C°°(tt) for all p G C c °°(Mi) and r| M £ is a C°°-function. □ 

Using the fact that U intertwines with the Laplace-Beltrami operators implies that r 
is almost an isometry. 

Proposition 4.4 Let (Mi,gi) and (M 2 ,g 2 ) be two Riemannian manifolds with Dirichlet 
Laplace-Beltrami operators A 1 and A 2 . Let r: M 2 — * M x be a C°°-map and h: M 2 — > (0, 00) 
a C°° -function. Define the map U: (Mi) -> C°°(A/£) by Up = h ■ (p o T ) . Suppose that 
A 2 U = UA 1 . Then 

gi \ T{q) (a,P) = g2\ q (T*(a),T*(p)) (4) 

/or a// g G Mg and a, /? G T*,^Mi. In particular, dimM^ > dim Mi. 

If, in addition, dim Mi = dim M 2 then r is locally an isometry and h is locally constant. 

Proof It follows from the identity A 2 U — UA 1 that 

A 2 (h-(poT)) = h-((A 1 p)or) (5) 

on M 2 for all ip G C£°(Mi). Let q G M 2 . There exists a chart (V,x) on Mi such that 
r(g) G y and x(r(q)) = 0. Let f2 C Mi be a relatively compact subset such that r(g) G 
SJcflcK Let di = dim Mi and d 2 = dimM 2 . Let A x , . . . , X dl G R. For all t > there 
exists a, (p t E C^°(M 1 ) such that 

<Pt\n = e* E " LlAfea;fc b • 
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Since 



1 9 ij j— 9 



on V it follows that 



dl X d 

Am = - E t2 9i A * x j vt + t-^^t tt-M' Vn) 
i,j=i vyi ax 

on f2. Hence 

di 

kr 2 (ft.((A lV( )0T))( ? ) = -%) E ^ J '|r(,) AiAj . 

Next, let (W 7 , y) be a chart on such that q <EW. Then it follows similarly that 

d 2 ^ di di 



lim r 2 (A 2 (/» • o r))) (g) = - £ %) fc H | 9 (^ £ ^ ° (?) E V ° («) 

fc,/=i y i=i 

EMg)^| g (r*(^),r*(^))A,A, 



But then (5) gives 



dl di 

E 9i\r( q ) AjAj = E £?2| ? (r*(rfa: ? ),T*(o?^)) AjAj 



for all Ai, . . . , Xdi G R and g^lr^) — 5'2|< ? (t*(^) ) r*(dx J ')) for all «,j G {1,..., di}. Hence 
5 , i|r(g)(a, /?) = 5'2|g(T'*(a), for all and a,/3 G T*^M±. In particular, r* is injective 

and d,2> d\. 

Finally suppose that c?i = g?2- Since T*| T ( g ) is injective for all q G M 2 it follows that 
t*| t ( 9 ) is bijective for all g G M^. Hence r is locally a (7°°-diffeomorphism. Moreover, 
T*| T ( g ) is a orthogonal map and therefore also r*| ? is an orthogonal map for all q G M 2 . In 
particular, r is locally an isometry. 

It then also follows that A 2 (y? o r) = (Ai<p) o r on for all ^ e C c °°(Mi). If q E M' 2 
and Q is a relatively compact open subset of M' 2 with g G O C fi C M 2 , and if one chooses 
if G Cf > (Mi) such that ip\ r(n) = 1, then it follows from (5) that (A 2 h)(q) = 0. Then for 
all ip G C%°(Mi) one deduces from (5) that 

fe-((Mor) = A 2 (/i-((^or)) 

= (A 2 /i) • o T ) + 2(V 2 /i) • (V 2 (y? o T )) + h- A 2 (y? o r) 
= 2(V 2 /i) • (V 2 (v? or)) + h- ((A lV 9) o r) 

on Mg. So (V 2 /i) ■ (V 2 (</? o r)) = on M 2 . Since r is locally a diffeomorphism it follows 
that V 2 /i = and /i is locally constant. This completes the proof of Proposition 4.4. □ 

In the next lemmas we consider injectivity and the density of the range of U. 
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Lemma 4.5 Assume the hypothesis of Lemma 4.1. Moreover, assume U ^ 0, the manifold 
Mi is connected and the manifolds have equal dimension. 

Then there exist open sets M[ C Mi and M 2 C M 2 , a map r: M 2 — > Mi and a bounded 
function ft: M 2 -> [0, oo) sucft iftai M2 = {g G M 2 : ft(g) > 0} ; M[ = r(M 2 ), r| M / is a local 
isometry, ft| M / is a C°° -function and 

Up — h • (<p o t) 

pointwise for all p G C^°(M 1 ) and a.e. for all ip G L p (Mi). Moreover, U is injective and 
\M 1 \M[\ = 0. 

Proof Since C£°(Mi) is dense in L p (Mi) and U 7^ it follows that the restriction of U 
to C%°(Mi) does not vanish. So we can apply Lemma 4.1 and Proposition 4.3. We use the 
notation of Proposition 4.3. Set M[ = t(M 2 ). It follows from the inverse function theorem 
that M[ is open in M x . Moreover, since M' 2 ^ it follows that M[ ^ and \M[\ ^ 0. 

Now let ip G Lp(Mi). Since C£°(Mi) is dense in L p (Mi) there exists a sequence 
ipi,ip2,... G C^°(Mi) such that \imp n — ip in L p (Mi). Since £/ is continuous it fol- 
lows that lim = Lfy> in L p (M 2 ). Passing to subsequences, if necessary, we may assume 
that lim tp n = p a.e. and limUp n = Up a.e. But since M[ is cr-compact and t\m' 2 is locally 
an isometry it follows that r _1 (iV) is a null-set in M' 2 for every null-set N in M[. Therefore 
lim ip n o t = p> o t a.e. on M 2 . Then 

Utp = lim Up n = lim ft, • (</?„ o r) = ft ■ (<p o r) 

a.e. on M^. In addition one has Up = \mvUp n = a.e. on M 2 \ M^. So Up - 
a.e. on M 2 . 

Next we show that U is injective. Let y? G L 2 (Mi) and suppose that £/y? 
J7|v?| = |£/y?| — 0) so we ma y assume that p > 0. Fix £ > 0. Then 

= S\ 2) Up = US^p = h ■ (S^p) r 

a.e. on M 2 . Since also r maps M^-null-sets into M(-null-sets and h > pointwise, one 
deduces that Sf'V — a.e. on M[. But Mi is connected and if p 7^ then (S^VXp) > 
for all p G Mi and in particular for all p G M[. So </? = and U is injective. It is obvious 
that this implies that \M 1 \M[ \ = 0. 

Finally we show that h is bounded by \\U\\. Let q G M 2 and e > 0. Since r| M / is locally 
an isometry and H\m^ is continuous there exists an open neighbourhood Q of q in M2 such 
that t\q: Q — > r(Q) is an isometry and ft|^ > (1 — e)h(q). Fix </? G C£°(t(£))) with <p 7^ 0. 
Then 

(1 - e) h(q)\\p o r\\ Lp{n) < \\h ■ (p o r) \\ Lp(n) < \\Up\\ Lp{M2 ) 

< WW IMImmo < ll^ll IMU P (r(fi)) = \\U\\ y°T\\ Lpi n) 

where we used (1) in the last step. So h(q) < \\U\\. □ 

Lemma 4.6 Assume the hypothesis of Lemma 4.1. Let M 2 be an open subset of M 2 , let 
r: M 2 — > Mi and ft: M 2 — > [0, 00) fre two functions such that M 2 = {q G M 2 : ft(g) > 0} 
and the restrictions t\m! 2 and h\u' 2 are both C°°-maps. Suppose that Up = ft • (<p o r) for 
allp GC C 00 (M 1 ). 

Then the following are equivalent. 



- ft • (p o t) 
= 0. Then 
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I. ULp(Mi) is dense in L P (M 2 ). 

II. UC^(M l ) is dense in L p (M 2 ). 

III. For every pair of disjoint measurable subsets A\ and A 2 in M 2 with < \Ai\, \A 2 \ < 
oo the junctionals 



(/?!—>/ Uip and (p i — y J Uip 
J Ax Ja 2 

from C^°(M 1 ) into R are linearly independent. 
IV. The map r\ M ^ is injective and \M 2 \ M' 2 \ = 0. 

Moreover, these conditions imply that the dimensions of Mi and M 2 are equal. 

Proof Clearly L^II^III. 

Next we show that III or IV implies that dim Ml = dimM 2 . Obviously U 7^ 0, so 
M' 2 ^ and d 2 > d± by Proposition 4.4, where d\ = dim Mi and d 2 = dimM 2 . Fix q G M' 2 
and set p = r(q). Let (V,x) be a chart on Mi with p G V and (W, y) a chart on M' 2 
with q e W. Let V = x(V), W = y(W), p' = x(p) and q' = y(q). Define the C°°-map 
/: W — > V by / = x o r o y" 1 . Then it follows from (4) that (Df)(q') has maximal rank. 
Suppose that k = d 2 — d\ > 0. Then it follows from the inverse function theorem that there 
exist open W" C R d2 , 5 > and a C°°-diffeomorphism F: W" -> B(p' ; 35) x (—35, 35) fc 
such that g G W" C W, £(p' ; 35) C V, F(g') = (p',0) and f(G(u, v)) = u for all 
(u, v) G £(// ; 35) x (-35, 35) fc , where G = F~ 1 . 

In particular, / is not injective. This contradicts the injectivity of r in IV. 

In order to obtain a contradiction with Condition III we proceed as follows. De- 
fine the C°°-function $: B(p' ; 35) x (-35,35) fc -> (0, oo) by <f>(u,v) = {(hy/gfi of 1 o 
G)(u,v) \(JG)(u,v)\, where JG denotes the Jacobian determinant of G. If A C y~ 1 {W") 
is measurable then 



L 



Uip = $(u,v) (ip o x x )(w) d(u, v) (6) 

J(Foy)(A) 



A J{Foy)(A) 

for all G CcMi). By compactness, there are m, M > such that m < $(-u, u) < M for 
all («, v) G Sfy ; 25) x [-25, 25] fc . Let u G B(p> ]25). Then 

/ < (45) fc " 1 5m < / $( it, i>) di> . 

J[-25,25] fc - 1 x[-5mM- 1 ,0) J[-28,2S] k - 1 x(0,<5] 

So there exists a /3(it) G (0, 5] such that 

/ $(u,v)dv= / $(u,v)dv . 

J[-2S,2S] k - 1 x [-5 m M _1 ,0) i[-2<5,25] fc - 1 x (0,/3(«)] 

Now choose 

A 1 = (y- 1 o F- 1 ) (B{j/, ; 25) x [-25, 25]^ x [-5 m M~\ 0)) 

and 

^^{(^or 1 )^?;) : u G 5(p' ; 25) and v G [-25,25]^ x (0, f3(u)}} . 
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Then A l n A 2 = 0, < {A^, \A 2 \ < oo and J M Up = J M Up for all p G C c °°(Mi) by (6) 
and the choice of f3{u). This contradicts III. So d± — d 2 . Thus all four conditions imply 
that the dimensions of Mi and M 2 are equal. 

'III=>- IV. Clearly III implies that \M 2 \ M 2 | = 0. Suppose III and r is not injective. 
Then there are qi,q 2 G M 2 such that r(qi) = r(q 2 ) and qi ^ q 2 . Since dim Mi = dimM2 it 
follows from Proposition 4.4 that t\m: 2 is locally an isomorphism. There are open connected 
relative compact f^, fi 2 C M2 such that H 2 = and for all j G {1, 2} one has qj G f2j 
and Tj = rlnr. Qj — > r(Qj) is an isometry. Since IX,- is connected there is a Cj G (0, 00) such 



that h\n. = Cj. Without loss of generality we may assume that Ti(Qi) = r 2 (Q 2 ). Then for 
all p G one has (Up)(q) = h(q) ip(n(q)) = c x p(n(q)) for all q G Qi. So 



for all <y2 G C£°(Mi). But Ti(f2i) = r 2 (Q 2 ). This contradicts the independence of the 
functionals. 

'IV^II'. Since |M 2 \ M' 2 \ = the space C~(M^) is dense in L P (M 2 ). Therefore it 
suffices to show that C C °°(M^ C UC?(M[). 

Using again that dim Mi = dimM 2 it follows from Proposition 4.4 that t\m' 2 is locally 
an isomorphism and h M ^ is locally constant. If if) G C^°(M 2 ) and there exists an open 
connected set Q in M 2 such that supp^ C Q, then h is constant on Q, say c, and p = 
c -1 ^ (^Im^) -1 G C~(M{) C C c °°(Mi) satisfies Up = if). Then the general case follows by 
a partition of the unity. □ 

For open subsets in R d the surjectivity of U follows from the fact that U 7^ (see 
[Arel], Theorem 2.1). In general the condition U 7^ is not sufficient to establish the 
surjectivity of U. 

Example 4.7 Let S 1 = {z £ C : \z\ = 1}. Let g\ be the Riemannian metric on Mi = S* 1 
such that (5 , i)|e ie (gfr| e <9 ) afr|e ie ) = 1 f° r eacn # G R, where (V, x) is a chart on S" 1 such 
that V is an open neighbourhood of e l6 ', G x(V) and = for all £ G x(V). Set 

M 2 = S*! and choose the Riemannian metric g 2 on M 2 by g 2 = 4g\. 



Then [/ is a lattice homomorphism, U 7^ and C/S^ = S^U for all £ > 0, where 
is the semigroup on L 2 (Mj) generated by the Dirichlet Laplace-Beltrami operator on Mj 
for all j G {1,2}. Moreover, M x and M 2 are regular in capacity. But the Riemannian 
manifolds (M^gi) and (M 2 ,g 2 ) are not isomorphic. 

We combine the previous results. 

Proposition 4.8 Let (Mi,gi) and (M 2 ,g 2 ) be two connected Riemannian manifolds. Let 
p G [l,oo). For all j G {1,2} let Aj be the Dirichlet Laplace-Beltrami operator on Mj 




where we used (1). Similarly 




Define U: L 2 (Mi) -> L 2 (M 2 ) by 



(Up)(z) = p(z 2 ) 
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and let be the associated semigroup on L p (Mj). Let U: L p (Mi) — > L P (M 2 ) be a lattice 
homomorphism such that UL p (Mi) is dense in L P (M 2 ) and 

US™ = Sf ] U (7) 

for all t > 0. 

Then U is an order isomorphism and there exist open connected sets M[ C M\ and 
M 2 C M 2 , a map r: M 2 -> M 1 and a constant c> such that M[ = r(M 2 ), r\ M r. M 2 -> M[ 
is an isometry, and 

Uip = ct M ^ ■ (ip or) 

pointwise for all ip G C£°(Mi) and a.e. for all <p G L p (Mi). Moreover, cap(Mi \ M[) = 
cap(M 2 \ M 2 ) = and for all p G [1, oo) there exists an order isomorphism U such that 
such that Up = Uip for all p G L p (Mi) D L p (Mi). Finally, if p = 2 then U maps Hq(M\) 
continuously into Hq(M 2 ). 

Proof We use the notation as above. Let p G [1, oo). Then the map U : L p (Mi) — * L P (M 2 ) 
defined by Uip = h ■ (ip o r) (a.e.) for all tp G L P (M\) is well defined since h is bounded and 
r _1 (./V) is a null-set in M 2 for every null-set iV in M[. It is a lattice homomorphism and is 
consistent with U. Moreover, UL P (M 1 ) is dense in L P (M 2 ) by Proposition 4.6 IV=^I. 

Therefore, for the remainder of the proof we may assume that p — 2. Then one deduces 
from (7) that (I + /\ 2 y 1/2 U = U(I + A 1 y 1 / 2 . Hence 

UHl(Mi) = U(I + A 1 )- 1/2 L 2 (M 1 ) 

= (/ + A 2 )- 1/2 r7L 2 (M 1 ) C (/ + A 2 y 1/2 L 2 (M 2 ) = Hl{M 2 ) . 

Then by the closed graph theorem the restriction of U to Hq(Mi) is a continuous map from 
Hl(M x ) into Hl(M 2 ). Next UL 2 {M 1 ) is dense in L 2 (M 2 ) and (7 + A 2 ) _1/2 is continuous 
from L 2 (M 2 ) onto H^(M 2 ). So UH^M^ is dense in f#(M 2 ). Therefore UC%°(Mi) is 
dense in H^(M 2 ). 

Now suppose cap(M 2 \ Mj) > 0. There exist compact subsets K x C K 2 C . . . of 
M 2 such that M 2 = (J^i #n- Then cap(M 2 \ M 2 ) = lim n _ 00 cap(K„ \ M£) by [BoH] 
Proposition 8.1.3c. Hence there exists an n G N such that cap(K" n \ M' 2 ) > 0. Let 
ip G C C °°(M 2 ) be such that ip\ Kn = 1. Since r7C c °°(Mi) is dense in H^(M 2 ) there exists a 
V? G C c °°(Mi) such that \\ip - Uip\\ 2 Hl{M2) < cap(K n \ M 2 ). Then ip - Uip = 1 on K n \ M' 2 
by definition of M' 2 . Moreover, ip — Up) is continuous and ip — U<p G Hq(M 2 ) C H l (M 2 ). 
Hence cap(K" n \ Mg) < — U<p\\ 2 H i, M2 y This is a contradiction. Hence cap(M 2 \ M 2 ) = 0. 

This allows to apply Theorem 2.1 to deduce that M 2 is connected. Then h\ M ' 2 is 
constant, say c > 0. It follows from (1) that (for any p G [1, oo)) the map U is an isometry 
between L p -spaces and since the range is dense, it is surjective. 

Finally, Hl(M' 2 ) = {ip\ M ^ : ip G H%(M 2 )} by Lemma 3.2, since cap(M 2 \ M' 2 ) = 0. 
But Hl{M 2 ) = UH^(M 1 ). In addition, UH%(M[) = H^(M^) since r\ M r.M' 2 -> Aff is an 
isometry. Therefore 

UHl{M[) = {(Uip)\ M , : <p G ^(Mi)} = {U(<p\ M >) ■ <P G ^ W> ■ 

Hence J7q(M{) = {c^|m' : V G //q(Mi)}. Using Lemma 3.2 again one deduces that cap(Mi\ 
A/0 - 0. ' ' □ 



16 



Now we are able to prove the main theorem of this paper. 

Proof of Theorem 1.1 The implication 1=^11 is trivial. But if Condition II is valid 
then Proposition 4.8 implies that Mi~M 2 . Hence the Riemannian manifolds (M 1 ,gi) 
and (M2,g2) are isomorphic by Theorem 3.1. Moreover, there exist c > and a isometry 
r: M 2 -> Mi such that Uip = c o t for all <p G L p (Mi). □ 

In fact, it follows from the proof that under Condition II it follows that M 2 = M 2 and 
M[ = Mi. Therefore U<p = cip o r for all (p G L p (Mi). 

5 Regularity in capacity 

The purpose of this section is to characterize the notion of regularity in capacity by various 
other properties. Among those several are functional analytic in nature. Of special interest 
is a characterization via relative capacity. Recall that M is the completion of M with 
respect to the natural distance and dM — M\M. The relative capacity is defined on 
subsets of M instead of M. It had been introduced in [ArW] for an open subset f2 in 
H d . Since it depends on the set f2 in [ArW] it is called relative capacity. The following 
definition on manifolds is similar to jjhe Euclidean one. 

Let \x be the trivial extension to M of the natural Radon measure | • | on M, that is, for 
a Borel set B C M we let n(B) = \B D M|. For a subset A C M the relative capacity 
of A (with respect to M) is given by 

rcap(A) = {|M|j7i(M) : V 9 e n{M) and 99 > 1 /x-a.e. on a neighbourhood of ^4} 

where H 1 (M) is defined to be the closure of the space fl^M) n C C (M) in H l (M). 

Note that the relative capacity is the usual capacity as defined in [BoH] Section 1.8 
on the space M with respect to the Dirichlet form (ij),<p) 1— > • V<p and form do- 

main H l (M). We consider H 1 (M) instead of // 1 (M) in order to fulfill Condition (D) in 
Subsection 1.8.2 of [BoH] and therefore to use the notion of relative quasi-continuity and 
relative quasi-everywhere (r.q.e.). We do not need that M is locally compact, although it 
is a consequence of the embedding theorem of Nash. In general, however, the completion 
of a locally compact metric space is not locally compact. We are grateful to Robin Nitka 
for showing us a counter example. 

The following characterization of regularity of capacity is our main result in this sec- 
tion. Note that Condition V is formulated completely in terms of relative capacity of the 
boundary dQ. 

Theorem 5.1 Let M be a connected Riemannian manifold. Then the following conditions 
are equivalent. 

I. M is regular in capacity. 

II. The space C C °°(M) is dense in H^(M) n C (M). 

III. For every lattice homomorphism F:Hq(M) fl C (M) — > R there exist c e R and 
pe M such that F(<p) = c<p(p) for all (p G H^(M) n C (M). 

IV. For every multiplicative functional r on the Banach algebra Hq(M) fl Cq{M) there 
exists a p G M such that r((p) = ip(p) for all <p G Hq(M) H C (M). 
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V. For every p G dM and r > one has rcap(5M fl B^(p, r)) > 0. 

For the proof of Theorem 5.1, we need a characterization of the space Hq(M) in terms 
of the relative capacity. This result is also of independent interest. 

Theorem 5.2 Let M be a connected Riemannian manifold. Then 

Hl{M) = {ip G H\M) : <p = r.q.e. on dM} (8) 

where <p denotes the relative quasi- continuous version of (p. 

Proof 'C\ Since C C °°(M) C H\M) n C C (M) one deduces by closure in H\M) that 
Hq(M) C H l (M). Let y> G H^(M). Then it follows from the proof of Proposition 8.2.1 in 
[BoH] that there exists a sequence <p±, (p 2 , ■ ■ ■ G C£°(M) such that lim^oo ip n — <p r.q.e. on 
M. So ^ = r.q.e. on <9M. 

'D'. Let £>q( m ) denote the right hand side of (8). Let ip G D l Q (M) n L°°(M). We 
may assume that tp > 0. Then 9? G H 1 (M). It follows from the definition of H 1 (M) and 
the proof of Proposition 8.2.1 in [BoH] that there exist ipi, ip 2 , . . . G H 1 (M) fl C C (M) such 
that limn^oo <^ n = <p in H l (M) and for all £ > there exists an open U C M such that 
rcap([/) < e and lim^oo ip n — ip uniformly on M\U. We may assume that < (p n < \\(p\\oo 
and HvJuIIh^m) < 2||<£||#i( M ) for all n G N. 

Let £ G (0, 1]. Then there exist n G N and an open U C M such that ||<£ n — ^Hh^m) — £ > 
rcap(J7) < £ and \ip n — tp\ < £ uniformly on M\U. Since c/3 = r.q.e. on there exists an 
open V C M such that {x G <9M : <p(x) 7^ 0} C V and rcap(V) < e. Consequently, ip n < e 
uniformly on (dM) \ W where W — U U V, and rcap(W^) < rcap(£f) + rcap(V) < 2£. 
Let x e H(M) be such that x > 1 011 an d ||x||^-i(m) < We ma y assume that 
X = 1 pointwise on and < x < 1 on M. Let a = ((p n — 2e) + and r = er(l — x)- 
Then II a II 

ifi(M) < 2||(/?||_h-i(m) and ||t||#i(m) < 4||(^||#i(M) + 2 j| || Moreover, \\o~ — r|| 2 = 
|| cr xll 2 < H^Hoollxlh < 2£ 1 / 2 Hvlloo- Then suppr C suppcrfl W c , which is a compact subset 
of M. So r G H l c (M) C Hq(M). 

It follows from the above that for all m G N there exist Lp m) a m G H 1 (M) fl and 
r m G Hl(M) n Loo such that \\<p - (p m \\m(M) < ^, Ikm - r m || 2 < ^ and < <p m - a m < ± 
for all m G N, and the sequences <Ti, cr 2 , . . . and Ti,t 2 , . . . are bounded in H 1 (M). We next 
show that Ti, r 2 , . . . has a subsequence which converges to ip weakly in H l (M). 

Clearly lim ip m = <p strongly and hence weakly in H 1 (M). The sequences ci, o~2, ■ ■ ■ and 
ri,r 2 , . . . are bounded in Lf 1 (M). Hence, by passing to a subsequence if necessary, these 
sequences are weakly convergent in L fl (M). Since < <p m — a m < ^ for all m G N it 
follows from the Lebesgue dominated convergence theorem that lim (p m — o m = in L 2j i oc 
Therefore it follows by the uniqueness of the weak limit that lim y? m — a m = weakly in 
H 1 (M). Because lima m — r m = in L 2 it follows that lim<r m — r m — weakly in H l (M). 
Then limr m = <p weakly in H l (M). So ip G H^(M) and L»(J(M)^n L^{M) C Hq(M). 

Finally, if ^ G D^(M) then (-n) V </? A n G D^(M) fl L 00 (M) C Hq(M) for all n G N 
and lim(-Ti) V (/? A n = (/? in H l (M). So (p e H^(M). □ 

Finally we prove the characterizations of regular in capacity. 

Proof of Theorem 5.1 ^H'. Let y> G #o(M) n C (M) jmd £ > 0. We may assume 
that <p > 0. Since G C (M) there exits a compact K C M such that (/9(g) < £ for all 
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q G M\K. Moreover, p(q) = for all q G dM since M is regular in capacity. Let U = {q G 
M : (p(q) < e}. Then 17 is open and M \ M C U. Moreover, supp(v? - e) + d (M \U) Q K 
and hence compact. But (M\ U) n AT C M. Therefore (y? - e)+ G #<}(Af) n C C (M). Using 
a partition of the unity one deduces that C£°(M) is dense in Hq(M) fl C C (M). Finally, 
lim £i0 (^ - e) + = p in Hq(M) n C (M). So C C °°(M) is dense in Hq(M) n C (M). 

'11=^1'. Suppose M is not regular in capacity. Then there are </? G Hq(M) nCo(M) and 
pedM such that p(p) ^ 0. Then ||y> - ^|| Co (m) > Iv(p)I for a11 V> € C™(M), so C C °°(M) 
is not dense in H%(M) D C (M). 

'II^IIF. Let F:Hl(M) n C (M) -> R be a lattice homomorphism. Then F is con- 
tinuous by [Sch] Theorem V.5.5(ii). Arguing as at the end of the proof of Lemma 4.1 it 
follows from Lemma 4.2 that there are c G R and p G M such that F((p) = cip(p) for all 
<p G C C °°(M). Since F is continuous and C^\M) is dense in #o(M) n C (M) it follows 
that = c(p(p) for all </? G 77o(M) n C (M). 

'111=^1'. Suppose M is not regular in capacity. Then there are ip G Hq(M) fl C (M) 
and pedM such that ^(p) ^ 0. Define F: Hq(M) n C (M) ^ R by F(y>) = p(p). Then 
F is a continuous lattice homomorphism. So by jissumption there are q G M and c G R 
such that F(p) = c<p(q) for all <p G H^(M)n C (M). Let x e C™(M) such that x(?) = 1- 
Then ^(1 - x) = i> - *Px e #o( M ) n Cb(M). Therefore 

o ^ = (^(i - x)){p) = F(iP(t -x)) = c (ip(t - x ))(q) = o . 

This is a contradiction. 

£ II=^IV. Let t:Hq(M) fl Co(M) — > C be a (non-zero) multiplicative functional. 
Then r is continuous by [HeR], Theorem C.21. Therefore it follows by Condition II that 
T \c^(M)'- C^°(M) — > C is a (non-zero) multiplicative functional. Let p, q G supp t|c^(m) 
with p ^ q and let [/ and V be two disjoint open neighbourhoods of p and q respectively. 
Then there exist p G C£°(i7) and ip G C c °°(y) such that r((p) ^ and r(^) ^ 0. But then 
(pip — and 

= r(</?V) = T(ip)r(ip) ^ . 

This is a contradiction. So there exists a p G M such that supp t|c^(m) = {p}- 

Next we show that r is positive. Let p G C£°(M) and suppose that <p > 0. If 
(p(p) > then there exist ip G C£°(M) and a neighbourhood V of p such that <^|y = V^lv- 
Then r(<p) = r{ip 2 ) = r(-(/;) 2 > 0. Alternatively, suppose that ip(p) = 0. Let V be a 
relative compact neighbourhood of p. Then by continuity there exists a c > such that 
|t(-0) j < c 1 1 V 7 1 1 wi.oo (v) f° r an V' e C™(V). We may assume that supp<p C V. Then 
lim e |o( ( / 3 ~~ £ ) + = y? in VF 1,0O (y), so by regularizing it follows that there are ipi, p2, • • • G 
C£°(V) such that \im.p k = (p in Vy 1,0O (V) and <p fc vanishes in a neighbourhood of p for all 
G N. Then r(</7) = limr(^ fe ) = 0. 
Now it follows from Lemma 4.2 that there are c G [0, oo) and p G M such that r((p) = 
cr{p) for all p G C C °°(M). Then c 2 = 1 and since r 7^ it follows that c = 1. Since C C °°(M) 
is dense in #o( M ) n <^o(M) one establishes that r(ip) = p(p) for all p G i/o( M ) n C (M). 
'IV=^I'. This proof is similar to the proof 111=^1. 

'I=^V. Assume that there exist p G dM and r > such that rcap(F^(p, r) ndM) = 0. 
Then there exist a M-open neighbourhood U of B^(p, r) fl <9M and a function x G H 1 (M) 
such that x ^ 1 a - e - on U fl M. Let p G (0, r) be such that M \ B^(p, p) 7^ 0. Define 
M -> R by ^(g) = M\B(p; p)). Then ^ G C(M) and G W^°°{M). Set 
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ip — X"0. Then p G C(M) and by an elementary argument one deduces that </?|m £ H 1 (M). 
Moreover, = r.q.e. on DM. By Theorem 5.2 it follows that <^|m £ Hq{M). So 
</? G Hq(M) fl C (M). Since <p(p) 7^ it follows from the definition that the manifold M is 
not regular in capacity. 

£ V=^I'. If M is not regular in capacity then there exist p G Hq(M) fl Cq(M) and 
p G such that tp{p) 7^ 0. Without loss of generality we may assume that p(p) = 2. Let 
r G (0, 1) be such that ip > 1 on B^(p, r). Since </? G Hq(M) one deduces from Theorem 5.2 
that = r.q.e. on dM. Then rcap( J B 5? (p, r) n <9M) < rcap({? G <9M : y>(g) 7^ 0}) = 0. □ 
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